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SELF-ENFORCING WAGE CONTRACTS

Ey Jonathan Thomaz and Tim Worrall®

1. Introducticn
lo recent years considersble atbention has been devored to models

of implicit coptracts. BHoth the case in which the employer and employee
mg prioy B ALY

have symmectic infermatic © and the case in which they have asymmebeic
informat i.ﬂTl:i have been thoroughly examined., Progress Loo has been
made in constructing gemeral eguilibrium models with labour E':lntrﬂt!':-ar
and in analysing their eff ency. One of the major defects of the
implicit copteact literature ie the often tacit assumption that the con-
tract is enforced an independent third agent. It is assumed thar it
is dnfinitely eostly for aoy agent Lo renage upon the contract. Hut if
the ehird parey can enforce the contract it is oot clear why this ov
some obher agent canpot aieo provide the appropriate inaurance to the
employer and the employee thereiw naking the initial coptract uanecessary.
The asswmpticn that zeneging is infinicely cpstly is clearly extreme.
It is the purpose af this paper to analyse the other extreme in which
there is no enforcement mechanism, s0 the cost of reneging is mers.
Contracts negotiated under 4 asaumption are ttuly dmplicit, they
must be designed to be self-enforcing, so weither ageat has an incen-
tive to renega.

Contracts between emplovers and emplovees can be negotiated over
4 wide variety of parameteras. For example a contract may depend upon
retail prices, money supply, profics, input prices, ouwtput prices, working
conditions, efforz, etc.. Some of these parameters may be jointly
observed by the employer, employes and & third party, e.g., retsil

prices. If this is true a contract dependent upon, eay, retail prices




¢an bg gnforced by the third parcy if che appropriate legal machinory
exists. FEven 30 there are likely bo be large costs associated with
legal enforzement. The cests of legal enforcemeqt of labour market
contracts are likely to be mspecially high, since the emplovee's
principal resouree is labour skill which cannot be sequegtrated and
employers are protected by limiced liability, Contracts say alse depend
wpon parameters whith are ebserved by the employer and smployes hut which
are costly for a third agent to verify, e.g. f(luctuations in

working conditicns might fall inte thia categery. Then even if
thete existe & cheap mechanism for the legal enforcement of contracts,
such contracts cannnt be costlessly administered. This peper is con-
cerned with gon-binding comtracts which depend upon parameters ohzerved
by bpth ewpleyer and emplovee. What will not ba connidered are self-
gnforcing rontracts which depend uponm parmméters abguf which the
mmployer and employes have apymemetric informatlon, s.g. offort.

Althaugh this paper is confiped to 8 discussion of self-enforcing
iabour contracts the model could be equally applied to other fielda.
Framples include the internatiomal berrowing/lemding market and the
market for the supply of firm specifie inputs. Talamar E]jj glven
numetrous examples of idicsyneratic exchange to whieh the pressnt anslysis
is relevant. Self-enforcing contracts are important to any sxohange
situation where there exists an gppertunity for one or more of the
patrties to make a short term galn by vemeging or terminating the relacion-
ship. & self-enforeing contract will bave the featurs that future gains
dorived from holding to the contract excesd the short term gain to be
abtained by reneging.

In the labour market context Molmetram [mj bag analyszed a4 finite

time horizon model in whieh wockers may quit at any time bur firma are

legally bound Eo honour their contraccs. toelmstrem ghows that thege
does ecwist a centract which dominates the spot market. This conbrast
sxhibits "front-loading, ' that is co say, since che flem must offer the
worTkes at least the spot market wage in the final period it recoups chis
loge by lower wage payments in the previcus periods.  lester Ir:}
eximings stationary wage coutracts ig dn infinife hosizen model and
like Holmstrom he assumes Cie contract <an be made legally bi=ling upen
tre employer but not the employee. In a slightly difierent context
Grout I‘J'] anelyses a Nash Bdargaining svlution in the absence of hinding
contrazts.  In his model only the workere have sn o incentive to renege
cnce shateholdezs have commited themselwrs to & given lewel of imwest-
menl., Lontracts dve self-enforcing in Che sensae thaf Che investment
level chosen depends wpon the wotrkers gpportusiby Lo renghe.

The present paper is an outgrowth of -the work of bester and Holmstros,
Tt examires the simplest model in which che emplover’s and employee's
self-enforcement constraints cen be explicitly recegnized, 1% IL=
assumed Ehat each pisk pegutrzl firm can employ cne risk averse employer
wha provides gne unit of lahour inelastically. The fim conwerks Ehis
into gne revenue wnit of cubpyt. A contract specifies the wage bo be
paid to the employee in each comtingea<y. The self-enfocrcesment problen
srices hecause there is a randem spot warket wage. It is assumed that
the employee CeRO renege at any Cime on the contrack and imeediately find
enpleyment abt Ehe spot market wape. Similarly the amployer i always
free to didpende with the contract worker and hire instead from the
spet market. Onee an ageat buys or sells on the ppot marker it is
assumed they are unable to reftycn bo the contract mackef. In fact such

an arrangement is 4 perfect equilibrium, Suppose the worker belileves

that once he hae reneged on the contract the emplover {and all other
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employers) will never pay him more than the spot wage. Then it ia
optimal for the worker, ogce he has rensged, newer B aceept less than
the spot wage. Likewise suppose the emplover believes that oace the
employes has reneged, he will never accept less than the spot wage. Then
the employer will never offer mare than the spor wage. Thus the employes
is po longer regarded as "trustworthy™., Lf the same loses of confidence
oceure when the Firs reneges, Chenm not veneging is a perfect equilibrium.
Fut thie way, self-ecfgrcing coptracks can he viewed as pguilibria of

& Tepeated game with the spot market wdgk as the stagu-Nash equibibrium,

This wviewpeint will net be streseed in this papet, rather the riek shaging

inceptives ol the emplover and emplovee will be eaphasieged. For example
if the spot markec wage is low the employer will wish to offer the
employee insurance by means of a highet comtract wage and alss reduce
the average wage bill; buwt at the same time it credates aa incentive for
the employer to renege on the contract. Therefore a self-anforcing

Gont et muit Sompensate the gmployer in this situatdon by offaring

him higher axpedtad gaina in the future.

Thare are a ousber of queations which paturally arise. Does there
enine & self=anforcing contract which dominates the aspot matket? Is
thove an optimal contract? If so, is it unique? Is ir efficienc
{will It e as good as & gontract which iw legally enforceatlel? Will
tha contract ba Lies depandent Cas Lt iw in Molmstrom's froot-leading
solution) or will it be histery dependent (po wagen at any date-ovent
pale dapand on the sntire hisrady up to that dated? 1f either of che
lagtar dquestions are anmwared in che affirmative, can the long run
propartims of the contract be characterized? It will be shown below
that the optimal contract has a particulazly simple solutiom. This

mapns oot only is it pessible to answer the questions above bur to

actuslly compute the sclution Ecr any given seb of parameters. To
i}lustrate this a numerical example is presented.

The gutline of the paper is:- Section ? prezents and digrusses
the wodel. Sectien I containg tha resulte. The premised oumerical
example is given in Secticn & and Section % contains some concluding

copmenis.

2, Tae Yodel

The purpose of this section is te outline the simplest wodel in
which bhe seif-enforcment probles arises. Some discussion of the
azzumptions is contained in remarks.

There is ag infinite sequence of dates, ¢ =0, 1, 2, ... = aad
# Linite sot of states, s =0, 1, ¥, ..., 8, at each date. There
ate Cwo types of sgenta;, Lirms and workecs. A firm can employ only
one warker ac each date. A worxer supplies one indiwvisible unib of
Labour whiclh the firm converts info one tevenue wnit of output. There
are no coskbe o delay to a warker of moving from one firm to another
and uo cosl to the firm of hiring or firding workersz. Each ageat can
trade labegr o Che spat market or negotiabe & contract at date zero
which specifies Lhe wage payment at each data-event pair. The only
allewable conbracts are becween one firm end one worker, FBach agent
has petfect foresight so they koow the spob market wages gk each date-
evant pair. fwery agent 15 a4 perfect cempetiter and eo tgeats the apot
market wage paramectically. Contracts are ngt legally enforecalle, so
each agent can renege on the contract if it would be be their sdvantage.
Tne only [easible contracts are eelf-enforcing conbracks in whieh neither
agenl has an incentive to renege a2t any date-event pair.

ALY workers ate infinitely lived and have an idencical per peried



state independent weilicy function, u = wiw), where w is the wage

received. It is sssumed

ASSUMPTION Ai: u = wlud: |&, b] + B, ulad, wibtl arve ficite, ul+) is

differentiable, strictly increasing and strictly concave.

Thesze assumptions are standard. The empleovee e strictliy risk averse
g0 there is #lways the opportunity for sharing tisk, All firms are
identical, infinitely lived, and derive wtility from profits accerding
to the function, v = w{w) where +{-) is strictly decreasing. In

addition

ASSUMPTION 42: wlwd = - w

go firms are tisk meutral. Hotice the constant tevenue of the firm has
been incorporated into the functional form of v. Each agent discounts

future utility by the common Fackor o

REMARE 11 The sssumption that firms are rizk peutral can be easily
rélaxed, So too can the assumption that output iF state independent.
Howsver one or other of these assumptions is needed if the aslutiom
method adopted balow is to be applied. Risk newtrality is comvenient in
allowing comparisons with legally enforceable contracts which specify

4 constant wage. The common discount factor is mot strictly necessary:
an appropriately modified solution applies if firms and workers discount
at different rates. If for example the employee discounts the future
more heavily & legally enforceable conmtract would call for a wage which

falls over time. The results below can &ll be interpreted Telative to

n.'ll'_

thig trend.

REMARE 2: It may be thought unduly restrictive to comsider only contracte
which are negotiated at date zero snd in which both parties never renege.
Thisx ix act true. It has been arpued in the Introduction that self-
epforcing contracts comstitute 2 perfect equilibrium. Agother way to
think of this is:- & contract with reneging in some atates can alwaya
be replaced by a contract which specifies the action taken by the reneg-
ing agent as the agreed action. The new contrace will be self-enforcing;
it will specify that the centract wage is equal to the spot market wage
in zome histories. The sssumption that the enly sllowable contracts are
betweer; one firm and one worker is not restrictive, 1f a firm offers a
contract to more Ehan one worker another firm can alwaye offer a batter
contract to ome of these workers. Similarly competition among workets

will ensure that ne worker hasg a contract with more than one firm,

AEMABK 3: The sssumption that the coat of lagal enforcement is infinitely
high is an extreme assumption made for the purpose of analysis. It is
copjectured that the results of the model weowld not be dissimilar if the
costa were high but finite. Egually borrowing and lending, durable goods,
diviasible labour could all be introduced at the cost of congiderably compli=
cating the analysis. BSome insight inte these problems can be gained by

examining the simplest possible cage.

BEMARE 4: An infinite sequence of dstea ie strictly necessary for there
to ba a self-enforcing contract. If there was a fipite time horizem, T,
then either the Firm or worket would heve ap incenbive to Tenege at T

unless the contract wage were equal to the spot market wage in all posaible



gtatps. Since therte i5 no gaim Lo be made [rem the cantract at date I
it mugt alse be thae gconbract wapes egual zpot market wages in all
possible states 4bt date T - ), otherwise ome or other party would heve
&0 incentive te Tenege, FProcecding hackwards from time T - 1 che
anly self-enforoeing eontract pays the spol market wage at gasl, date-
event pair. The idea of infinitely lived agemfs is sgmewhat disguiet-
ing; if it is preferved [1 - o) can be thought of as tle probabilice
thee ap agent dies in some period. Then the ecxpected life of 4am agent
is [inite, although thete is Jlwavs & poseibility that they may
live for any given ampunt ef time.

Fach scat: is identified salely by the spot market wage wisi. A=
2 otonventisn wisd r owis - 1), The probability thar statr = fédury ab

date £ is ple). It will te maintained:

ASSLMETLON 43, States are iodepandyntly and identically distribubed |
with 2t wind = wis) = 1 < b

The latter part of Assumprion A snsurss that ueility is delined
for all pozzible apart market wages end firss have an inceokive Eo hite

labour in ewery atate,

EEMARE 5:  Aspumptiom A3 can be weakensd te allow spol market wages Lo
fallow any stab{omary Harkov process.  A11 that iv aeeded for the soluticn
methodology adopted helow is that ism sy giwen state the future taking

bygonea as bygones looks the same at every date.

EEMARY. f: MNothing sc far has been said sbouet what generates the wvelatilticy

2f gpot market wapes. There ace 4 nunber of possible intetpretations.

Far example there may be some agents who are unshle to negotiate conttachs,
perhags bacavae they are finitely lived, or beczuse they howe revesled
themselvee unreliable in the peast. These agente are forced to crade
labour on the spot market. Randommiess in their preferences or techuology
s gufficient to generste 4 Tandom spot market wage. Egually suppose
there are more infinitely lived workers Chan Eirmd.  Then given the inst-
itykional assunption that edch firm emplgre only one weorker there will be
gome unexploywent. Onemployed workers are forced to preduce on their

own, This iz less eificient and more risky than labouring for a firm,

The gpot market wage can then be interpreted B85 a random oppartunity ceak.

Let 5, denote the state which cccured at date E. A histgry up to
time Lt iz a liet of those states whick hawve orocured up te and including
time t, b, - ':EG. 512 Tyr veey 5t}, Let T, = (St' Beyl? "orr Bt}
be the history from time € Eo bime 1. The expactation conditionasl
vpon by ix dencted El}ih’b:l'

A contogct -50 betwgen an emplower and an employee ab date zero
specifies & set of contract wagpee wih 1) Zp, where cu':h_r:' is the
wigs to bg pald to the employee at time 1 if the history ie B . It
is helpful to consider the hypachetical conbract ﬁ: made af cime £,
when s = 5. This contract specifies a set of wages iw(htft” =k,
where w(h_rllrt} is the wage to be pald at date 1 if the history from
rime t 1ie h'r.-’t' %p for any piven b @ ﬁ: (where = &) can
be derived directly from 4

o

MEFINITIN l: A contract ﬁli is ht feasible {f
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A cantrack is ht feagible iF it is seli-enforcing from date t
onwarda piven the history ht' There are twe sebg of self-enforciog con-
straints ic Definition 1. The first set sava that abt emy Future poesible
date-event pair the net gain to the firm from holding te the contract

iz non-negative. In ocher words the firm has no incentive to Tencge even

if at some hvft’ x{hvftﬁ #wis ). The second set of constraints

raquire that the employee has no incentive Lo renege gither,
DEFINITION 2: A contract &% is optimal if it aolves

5= L S =
PR TN SR b IR R R
=)
a o

A contract is optimal if it is feasible in each state at date zera and

alae maximizes the discounted sem of gxpected net profits.

REMARY. 7: Contract wagee at date t have been written as a function of

the entire history up bo that date, while spot mathet wages are independently

and identically distributed., It =ight be thought that cptamal contract
wagas will Be memoryless and bime-iovariasnt se  wih_) = w(e) Bester
K

Uﬂ, a pricri, restTicts contracts to be of this forw. In & twoe pericd

1ifE

madel however, HolmsttTom |}d] shows that cptimal wages will exhibit
"front-leoading’. 1t will be shown ghat optimal contrack wapes are histury
depgndent, That this ia so eveg when spot market wages ara independant 1y

and identically distributed makes the resuwlt that much stronger.

FEM&RK. 8 Definition I says that the opbimal contract maximizes ewpected
disgounted profits subject to the feasibility constraants. Therefase the
net gaie to the ewployes from Lhe contract is driven to zero. It is

thus implicit Ehat chete is a lakge nymbey of workers cowmpeting for a
limited oumber of contracts. This is not testrictive, the mode] could
easily be generalized to allow each fire to employ more than one wotker.
Then competition between firms and workers would simply allocate the net
zain te be made from cencluding the concract. llewewver the sssumpbticn that
the employee’s aet pgain is zero makes many of the teaults more sStartk
without affecting any of the general conclusions and is therefore includaed

For pedagopical purposes.

3. Resules
This geeccion iz divided imtc four parts. In Seetion 3.1 efficiency
and ocptimality are examined. Tt is ghown thar the cptimal self-enforcing
contract ie maver efficient. In Section 3.2 the dynamic programming
selution of the model is developed. Section 3.3 examines the sCiucture
ef wages in the optimal copfract, In Section 3.4 acge comparative atatic

analysis ig comsidered.



3,1 Efficiency and Dptimality

In this se<tion it is shown that the gptimal self-enforcing contract
is not efficient. That is to say & legaliv enferceable cemtract could
always offer each agent a larger cxpected utility. This reault ceuld
easily be dariwved as 2 covollaTy te the eolution given in Sectien 3.3,
Gy deziving it dirgctly it is Boped that this will provide fuether intui-
Cien abeur che nsture of the optimal contrace.

It is eagy to see that for 8 disccunt factor sufficiently mear wmitw,
the set of feasible self-gnfercing contracts will include comtracts.with

a comebant wage, o,

FROPASTTION 1: Fer some  w o fufw <i:=0 plad wied, alw) <E§=D platulwlalll,
thers exists an g% < L guch that for o = o¥ Ethe conkrace

R&(hT}} teo = lud Zpoe .

PROOF: Congider the gain to the firm of 4 constankt wage conbract sLarting

from state 5, at date L.

1

wtﬂt} -+ IEI 5 iG plsr (wial - w} = w(BL) - w

5

i
R
L-a

)

T plad (w{a) - w)

g=0)

Since the last term is positive by assvmption, for apy value of v{:t) - w
it 1s poesible to find some H: < 1 such that the total ie non-negative

for o * u: . Likewige for the emplovee there exists and u: < 1 euch that

for @ *n the emploves will not renege in state =, Let

™w
[u? T uD PR unj.

& -
" = | G w

DEFIRTTION 3: A conktrset & iz efficient 1If there is ne ocher contract
which pives greater expected wtility te either the employer ur employee
and g less bo the obher.

Mo menticn cf feasibility is made in Defimition 3. EfFficient con-

traets are simple ta characterize.

LEMMA 1: 4p efficient contract specifies & consnant wage u(htl = w

at gach date t =0, 1, (.. %

PEQGF:  Suppase u(ht] ¥ U{ht) for some ht’ i« Denote proh iht} 2.
aned prohfhrJ = p,+ Then define & wage w by

welp, win ) s w’ TR el Mg e a’ Tt R

Ry 7o strich concavizy of wi<}

-t -t

(pt L PT} ufw) » Py u[w[ht]] 0 u[ath]J
so replacing  wih 1 and w(hT} by @ incresses the employee's
wbility. Similarly since the firm is risk neytral eapecred poolibs are
vnchanged., Therefore d{htj # w[hr} cannot be efficient.

optimal self-enforcing cemtracts mever specify a constant wige and

hance canaot be efficiest. They ace dminated by contracts thab are

legally anforceable, To see this consider

PROPOSITION 2: An optimal contract gives the employee & zero met gain

at dake Lero.



PROOF:  Suppose to the contrary that the optimal comtract has
= 1

2 L E[T™ ; -
u{u(sﬂ}} u[\r{aa:l'.l j:.I__lZI=I o '[u{u,{ht]l} ufw[srjﬂ 5c:| ¢ > a, for
some .. Then if w[a{l] 4, peducing it by 4 emall amount dogs ool
viclate feagibility but iacreases profits contrary te the assertion.

& i & e -1 o -
M owls,) = g, ulwls )] ufu{aG]J © 0. Them E|_5 a tuleih )]
U{W{ETJ:IH-SD] » gfu. 5o for some B, the workers oet pain from s
ciwards 15 strictly greater than e/o. Again if m{aﬂ. .3L}| < a it
can be reduced, increasing profits withour wiclaring femsibility.
Dehetwise logk at bige 2; and se on, Clestly there must exist ecme
i ; -t 5 - _
Wl ¥ > a et B[EL @ Cufulh 90 - ulwls Jhh] > 0 oeher
wise the workers gaip will hecome unbounded along scme histery which is
impossible since the single period gain iz bounded. Such & wage can be

raduced %y an appropriately gmall amcunt,

CORCLIARY 1: An optimal eelf-enfotcing wage contract is not & constant
WAgE Contract.
This ig an obvious consequence of Propesitien 2. If & constant

wage contract was opiimal it most sarisfy

B
uges) = H(Wison # Lafli - ald Zﬂ wlelfulu) = yiw(s)d) =0 ¥ 5,
g=
Uhis is clearly impossible if w  is random. 8o in the optimal coptract
the wocker, at date zere, ie juat indifferent between %eing employed on Ehe

contract or having to trade in the spot marker farever.

3.2 The Dynamic Programming Solubicm
This section will show how the optimal self-enforcing contract can

be exasined by using a dynami¢ programming approach. This isx done by

- 1% -

expleiting the fareard looking nature of the self-soaforcing coustrainks.
First for any histery b it is poasible to defige the b uriliry

possibility frontier.

DEFINITION &: For any hiskopy h_, £ (0 1: I =T is the h

-3 h h
utility possibiliey frootier iE

P {H‘{Bt] = u[h”b]}

£ (Uh‘_] = sup {Wfst} - u.ll'.t'.t]l + E|:T_f.

4 T £+l

| Ve[ T a' tulul
lh:-] H{Hfhtjj - u'lfst + El"r—E*l o lulw b

1:'.f'.l - u[u[atJJ]ht_J » U, ¥

f t

In Definition &4 Uh iz the not expected gain ta the employee
t
derived from the contrvact &b time b if the history is ht. Then

.0} is che largest net expected gain to gwmployer Fyom the contyaect,

given the history ht and that the employes raceives tht, The set Ih:
is the sat of Lih 'z for which the conscraint sef is non-empty. Similarly
Jht ig the sat l:rf‘. fhtmh:] for which the cenetraint is non-empty

given history h .
What Definition & tries Lg copwey is Lhe idex that for any history

hr_ the pptimzl contract will alwaye corvespond Lo some point on s

appropriace wtility possibility Eromtier. The next three lemmas ate
neceszary to justify the use of the dydamic programming approach, Theorem
1, which fallows the Eirst of these lemmas, proves Chat fhere exisis a unique
opbimai cootragl.
LEMa 2: (4] i, is independent of b _, and .

14

i1} & is & convex set ¥ h
'h: L



-

[Rpi} fh ia igdependent of ht—i and  t.
[

PROOF: (i Zince all the self enforcing constraints are forward
laoking and since in edeh scate che future locks the same st any date
the result foliows divectly from Definition 1.

;s 1 L i Lo ¥ o=
Cii)]  Consider any two contracts (u,fh,r”}']f_z amd Aw'th o, D) )

wRlah Ave B reeible Chek wEihm} =B wlh , 3+ (1 - ak'ih

£ wit wfr_}'

B e t0, ). Then at any date v, given any history b,
{i{ﬁirﬁ{hv;:)J - u(w{sv}:‘ = HE.Jl:u(hw-t” - u{kiﬁuﬂj

+ L1 - E}|_u(m'|:hv 2= ulwls 33

!

by the concavity of wl+}. 2o the contract {ws{hr“]}:q saticfies
ail the employecs oon-negatively comstraints and given the risk neutrality
of employers ix cherefore feasible.
[iii) Pollows dipectiy from {il.
pore independent of L and t, they can

i A d
Since ..ht an H

t a a .
bhe notationally simplified Eo ﬁ.ﬁ and Es ragpactively, Likewiza T

LP

and  J can be written 1 and  J .
ht 8 5

THECEEM 1: ¥or each state s, and any U el_, there exists a unique
feasitle comtract which gives U, to the esployee and E (0} to the

employer.

FROCF:  For Us 3 IB consider & sequence of feasible contgacts, 5\1.

offering the employee at least U and each offering a gain to the

S E

emplover of YW such thet lim ¥ = fEfUE}. A contract may be thought
of as a sequence of wages, one for each history, where each wage belongs
Lo |:a, b:|, Thug the space of 2ll contracts is compact [and sequentially
compact) in the product topolopy by Tychyooff's theorem, Hence there
exislsa subsegquence nf contraces dv' such that u-v.(ht:' -+ Wm':ht:' for
all by [i.e. pointwise comvergence}. Lk mist now be shown that this
limiting comtract 57 is feaeible, gives the employec ac least Us and
gives the emplover fs{us)‘ With strice discounting the
dominated convergence theorem together with the continuity of o implies

%ig{u{uv(h:}} - ulwis 3} + EI;_.E'H PR O TR ”‘”‘"{91””“;33

it

- ullim u¥(6))) - ulals ) + s[t:?‘ « THullin o 3 = wl(s 10010 ]

1

= ulw (h)) - wiws )} + EI;_EH ur_t(u(wm{hrft)) - uiwls 3130 ]

for any h . Sisilarly for the firm'e gains. Since each gain st each
hietory on & ia non-pegative, them it is B0 om & as well., Likewise
&" gives the emplovas UB. Finally since by agsumption Eim ¥oa fsfﬂﬂj

the above equality agxzin plves Vo= fB(iJB). Uniquenees follows immediately

from the comvexity of the .I".B and gtrict concavity of wu.

LEMMA 3¢ TFor each state, s, Is and .IB ars compact intervals comtazinipg

a.

PROOF: Tt will be shown Ehat Ia is compack; symmetric ArgumenCs show
3, te be compact. 0e I since paying the spot wage is alwaye feasible,

If Vsl, then T & 1, for ' < U pinee the comstraint set is oo



smaller, so 1 i4 an dnterval. To prove it is closed consider a
v . v = : ;
sgquenca [ € 18 guch that lim 7 = U , There will be a corresponding
v i
sequence of comtracts & in egch comsbraint set. The same argument as
-

i Theotem 1 shows there to be a feasible limiting contrace &  offering
L)

che worker ac least 1)

Hothing is lost by restricting the intervals te nen-negative numbers,

8 Ia-lp.Uj,JB-IP,HJ.
LEMMA 4:  FRach ia i decreasing and strictly concave on Is

FROOF: That ir is decreasing follows directly from Definitiom 4.
Serict concavity follows straight-forwvardly from convexity of the A
and the fact that For different Us £ Is the optimal contracts differ
by Proposition 2.

The eolutien te the model can now be analysed using a dynamic pro-
pramming approach. Bellmen's principle of optimality states that if a
program is optimal from date ©  onwards then it is alsc cptimal from
date t + 1 cowards. In the present conmtext if a contract is optimal
at date t state ¢ then it will be optimal 2t all pessible srates ac
date t + 1. By "optimal" is here meant on the efficiency fromtier.
This principle is encapselated in the Eundamental functional equation

5

) ¢ vty - el shiccanlutone = abey ittt
(0% T, ) T e o MO R0 |

t+l.5
07050
q g=
t+l tal
Uq * 0, Iqiuq Pr 0 g =0, 1, ... &

b=
wela)) - wwlald ¢+« £ plg) v = ¢f)
g=0 9
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This equation holds for each state s « 0, 1, ... 5 and each dace
L0, 1, ... = The functional eguation represents a strictly comcave
program, By asgusprtion wages belong o & compact set |:aj T.a. and by

Lemma % each U:'l

is chosen in the compact interval Iq- Lemma 3
showe fq(') ig coneave so the objective fupction Is concawe, and by
the eLrict comcawity of wl+) the comstraine set is strictly convex.

The optimel comtract ie deriwed from (1) by settimg Ulz = 0 for each &8

and solving forward period by perdiod.

3.3 The Optizmal Wage Structure

This is the main sécticn of the paper; its purpose is to solve for
the optimal wage structure. Both the evelution of wages through time
and the distribution of wages across states will be examined. The latter
will be seen to be & consequence of the former 2nd therefore it is the
tewporal structure of wageswhich will be emphasized. The model presented
in fection I stresged the dependence of wages at date t upon the entira
higtory of spot market wages up to that date. Io this section it will be
ghown that the history of wages takes a pagticularly sieple form. To he
precisa wages follow a stationary, finite state Markov proceas, which
makes wages today depend upon the apob markst wage today and the contract
wage yesterday. Further it will be shown that contract wAEEs ATE more
inflexible tham apot matket wages.

The procedure adopted in this section is as follows. Firat ic will
be shown that the wvalue funetion, f‘(*j of equation (1) is & differentiable
Function and hence the first order copditions for this functional eguation
are described. Second it will be shown that for each state conbTact wages
beleng to & mon-empty, Cime-ipvariant interval. Tnird the relaticnship

bagwesn Chese 5 + 1 intervals is exasined. Thie leads to Theorem 2
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which provides a simple rule o degcribe the evelution of wages over
time. A corollary to this theorem examines the distribution of wages
acrosg PLAates at any particular date.

Lemma 3 showed that f3{+j is & concave fumction. A copcave Function
is differentiable almost everywhere, the next lemma shows that {s("} is

differentiable everywhere:

LEMMA 51 For each s =0, LI, ..., 5, fsl:-:l is continucusly differpntiable

on the open interval (0, rIEJ.

FROOF:  For any U« {0, Es:l’ let 'Ss be a contract which gives the
worker O, and the firm fewa} in etate 8. Loneider forming a new
conbrack -5_, from 4 by raplacing m(nﬂ) by w{ao:l + vy, where
¥ E Htm}, the e-nedighbourhood of ©. FProvided 5{50} € ta, b, '5?
iz certainly feasible for ¢ small enough. For each v in such a

HE{G}I there will bae a gain to the employee and an sssociated gain to

the employer. Let F: A - Ja e the function representing thiz associa-
tion, where A C1  is aa open interval containing U_. F will have

the form FiU) = K - u_l{u} whare K is some constant. This fvnction

is concave, differantisble on an open neighbourhoed of Ugs F(USJ' = EB(UB),
and FLO) = IEEU:I by definitien of fs' so it satisfies the conditians

of Lemma ! of |:3:| and therefore E__} iz differentiable at Ua. Since

f iz nonocomie, it muet alac be continucuwsiy differemtiable. IS

u{.-tD} = a or b theopraceed as in Propositicn 2

The optimal contract is completely described by the fenctional eguation
{1} and the specification of []S . Sinece equation [l} represents a coacave

progtam the f[iest order conditione are necessary snd sufficient for a
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solution. Letting {o plql 'bq }q-{b' (n plql l}-q ]q=':}’ and 3 be

the multipliers for the respective conztraints in the program the firsc

order conditions arte

(z) -l - f;[u;‘lm . p;*l:. + cs;“ . a=0, 1, ... §,
{3 —1: = - Lhu'{uls ),

and in additionm

Y. 1
(&) A SUUSE
It zhould again be emphagized that these equaticns hold for each state,

s=0, 1, §, and for each time period, & = 0, %, ... =. The next

two lemmas ailow Theorem ¥ to be proved which gives the tule whereby
optimal wages are updated.

Lempa & shows that for each state, =0, 1, ... 5, there is a
time independent interval to which oprimal contresct wages must beloog.
Zach interwval specifies a wage ;5 which iz the maximm it is ever

eprimal to pay in scate s, and & wage W which is the minimum.

LEMHA £: For any history hps with 8, = 8, the optimal contract wage

mfhtl is contained in the elosed, pon-empty interval, [&&E, T-JEJ

t
FROOF: Using equations {3} and (4}, w'l:h‘:l = sswg}, vhere for aach
&, gt('} is differentisble on (0, Eﬂ} and strictly increasing. HMono-
tonicity follows from the strict concavity of uof-] amd fﬂ{'), differ-

entiability follew By the coutinuous differentiability of u{-] and
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I,f'}, Since U: E E:ZI, Ej from Lemma & wages Tange over the compact
interval |;1I, 5"], whitte E, = g‘l'.'[:} and w = g (0). Siace Es
ig nom-pegative the interval is non-aupiy.

The size of each interval L.pa, Tﬂﬂ} will depend on all the parameters
of the model; the discount factor, the parameters of the utility function
and the parameters of the distridution of spot market wages. In Sectiom 3.4
& comparative static exercise will be carried our by varying che discount
factor, Lemma T exsmines, for any particular set of parameters, how
each of the 5 + 1 intervals relate to edach other and the epot market

WL

LEMMA J: For apy date £ agd any two states & and g such that
wlk) = wiql, then

(i} ;k};q,ﬂk>ﬂq,ﬂq,k-ﬂ,l,,”,ﬁ,k.l-q,

(ii) wis) & Ijgs,i'j ¥ s=0, 1, ...8,

and wiQ) = [T w(5)] = ;5
PROCF: (i1 Using the functional equation (1), it follewe that for

any date T, any twoe states k and g, and any Uq 3 1:0, Eq]

%3] fkwq v ulwig)) - ulwlk))) = fq(th} ~ wik) - wiqgl,

and therefore differentiating with respect tao “‘1
(8} f;_{l.f'q + ulwl(g)) = ulw(k}}] = f"‘liﬂq}.

a. To show ;‘t > Eq’ let uq = Eq and Uk - Ek' then using

equation {51, fkﬁq + ulwigl) = viwlk)}} » o= fk{ﬁkl. By the concavity

E‘:H‘{t}. For w, =

- 13 -

: - = : €
af {k(') and using equatiom (6), E‘;(Uq} = fi[Uk}. But w{m[.r = k(f;(ﬂnl}
where k(*) ie continuows and strictly decreasing Erom equations [3]

and {4), Therefore ;k = k{f,;(ﬁk:l} > P.(f;l{Eq:"J - :q'

b, To show w * W,» Buppose U'q -u =o, then again from (5}
and {A) and concavity, f"t(ﬂ','l » fll:m:l' and hence w = k{f;(ﬂ}} ¥

k{:’qm}] L2

[i§} a. It will first be shown that 55 = wial and E,.: = wig).
L+l
.

Feing the functional egquatiom (1}, ;‘ = wis] + 0 Eq fq(uq Bince
4 I{ut‘l} ¥ 0, E- > whal, e=0, 1, ... 8. To ghow thers is
q 1 = -
equality at state 5 substitute equation (&) into (),
t t+l £+l t+l
{7y £ {0y = f9E ML e g ) + 8 ¥ T A
fa it 1q g q 2
But for w =&, U =T, vhere £'(7) <) <l for
1] 5" ) H EE — g § =9 4§
- L+ =
g=o, 1 ... & Therefore it must be optimal to have Uq L. n far

* a . . - o
q=¢ 1, ... 5. and hence E fq{Uq.LJ - G, which implims w(") = w..

b. To show Esi“'(’] and WO} = w

=
£ £+l
equation (1). Then u(gﬂ} = ylwle)) = a Eq uq'}', As Eq Uq o,

o T My U, O and then from equation (7) it must

E
be Etue that 1JH1'l =0 and so E U %l
q o 19

conpider again the functiconal

= 0 from which = win),

2
This lemma shows that for any state &, in the optimum contract,

the maximum poseible wage in state a2 is never below the apot market wage,

wisl, and the minimus possible contract wage is never above it. 1In parei-

cular it is never optimal to pay a wege abave the highest spot market Wage
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and never cptimal to pay & wage below the lowset. Therefore for each

atate B = By

ulb ) e rga, GJ < |wisl, H{i}}] < (&, t]. Lemma 7 also

ehows #ach interval I'-:'—Js' Eﬁ] may owerlap or be disjoint from any other,

btut ne interval contains any other. This result, makes it possible to

derive the rola given ip Theorem 2.

Thectem 2 presents the main result of this paper. It shows how

optimal contract wages wary ever time. It gives & simple rule whereby

contract wages are updated from one period to the next. Suppose at date

t + 1 the spof market wage is wis). The optimal contract wage is

wla . s}. At date t if the spot market wage was lower, dencte this by

wig} < wls) snd the asscciated contract wage by wlh, 4, qh.

spot market wage was higher, denote thig occurence as atate

with the oprimal contract wage wlh k).

t-1'

THEOREM 2. For apy date © =0, 1,

ky

If the

wik} = wisel,

. =, snd any three stateas %,

¢, and q such that, wik) » wiz} » w{g) optimal contract wages at

date t + 1 are =

wih . 83 = wln, ;. ) as mEht_l; q) =

@ mlht_l, g} < w

w{ht, 5] = lu(ht_l, k) as w{ht_l. )] iaa, ¥ k,a=0, 1, ...y 5, k * g5,
W m(ht_l, k) » w
u(ht, g) = w(ht_l, 2} ¥ s=0,1, ...\ 8,

PROOF: Using equstioms (3) and {7} it follows for any date

two sbates 5, and Sl = s

L

and any

- 2% =
t+l 41
L{m(ht_l, alJ) = 1Cm(ht. ’t*lJ}{l * w’ 1w @B

where L{+] = k_l{ } is continwous and strictly increasing. Then if

= tel
B 54, 9 % 8, 'Ps

sl u 4
unless 't's‘ * 0, in which case wih

= 0 Eince Nq < u_- So """':h:,-l’ g} = w{ht.' w1 P,

-1t q] = wib,, ) = wee If

s, =k, kre, 9 0, a5 w Fw. Bo M{'ht_l, k) m(ht, st]
£+l —~
unless 4.7 > 0, when m(ht_l, ko w{ht, §) = w. If & *8, thes

wih gl = u[ht. &), eince m{ht_i, 2) & l;”ig' ;‘;l

t=1"
Theorew 1 states that if at date © + 1 the spot markeb wage im

higher tham it was at date t, then the contTact wage &t date ¢t + ] £s3

the same as at date t, or Tises to the lowest level compatible with the

new state. Similarly if the spot market wage at date t + 1 i lewer than

it was at date t, the comtract wage at time & +¢ 1 either remaing wn-~

changed or falls to the maxinmus l=avel consistent with the lower apot

market wage. Thus conbract wages follow a eimple Harkov process. That

is Lo asay wager at date t + 1 depend only upon the epot marker wage at

that date and contract wages in the previcus period.

Thearem I provides an easy method of sclving for the optimal sclution
opeoe the bounds by and Es for pach state 5 are known. These bounds
depend on all the parametera of the model, but ia Section 4 ir will be
shown there is no difficulty im prionciple im gelving for w and Es
and a numerical example will be given. By Fropesitien 2 gt date zerc in

: | L] y
any state =& w(anﬁ = Es’ B10GE Ug = i, Therefore uaing Theorem I

G,
the selution is completely determined. Wages can teke om at meat 2(x + 1)

pogsible values. {E‘, B =en W yﬂ}. Then wages at any date t are just

equal to wages at the last date in which one of the self-enforcing comstraints
waz binding.

Thers i8 an obvious corollsry to Theerem 1.
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COROLLARY Z: At any date b, and for any twe states k and g asuch

that wikl) » wigq), w{ht-l’ %} * m(ht_l, ql.

Corollapy 2 relabes coptract wages acvoss skates at any given date.
Simce each interval, |_;'-a" Es} coptaing the spot market wage and sipce
U::a EE,* ;’] < |w(5), w(0)] contract wages sre less flexible than
spot market wages. MHevertheless for some date t and history up to
that date 1'|';‘1 conkract wagee,may increase with the stace whergas for
anothetr history, h;_l contract wsges may be state invariant. Thus Che

state invariaoce result is histery dependent. More will be zaid on

this in the next section,

BEMARE %: If the firm is legally obliged to honour ite concractual commit-
ments but the worker 1% 2llowed to remege without sanction, (which is typi-
cally the case in the United Eipgdom and elsewhere) then contract wages are
completely dovnward rigid., To see this notice that since the contract is
partially enforceable the firm cam commit itself to pay a wage equal to

b im every state, 1.e. 59 =b, 2=0,1, ... 8. Appiying the Tule
det{ived in Theorem 2 contract wages will never be lowerad at any date

but will eventually rise Eo u_ with probability one, & contract which

iz legally binding on the employer will have hi._g'h;-,r expested profits than
ane¢ which does not, but thesa increased profits are to be affset against

the costs of the legal machinery.

3.4 Cosparative Statice
This section examines how the optimal wage <ontract changes as the
discount factor, 4, varies. It ia stressed thie ie a purely comparative

static exercise: o is not allowed to wary over time. & comparabive

- 27 -

static apalvsis could be undertaken for other parameters of the medel such
as the coefficient of the employess shsolute Tisk aversion, or the wvariance
of spot marke: wages, but thiz is unnecessary for the point bto be made.

Gy allowing o Eo wary it is illwstrated how the relationships between
the iatervals |:£s, ;s:l are important in determining the sttucture of the
cptimal comtract. This is accomplished in Propoaitiom 3.

PROPOSITION 3: (i) For each state 8 =0, L, o.oo, 5, w is noo-decreas-
ing and w ia nan-increasing in  a; {ii) there exists an @ < 1 such

that for some a & (o, 1}, Gb = ugi  (1ii) ehere exists an a% £ (0, 1)

such that For o £ {0, ¢*), o« =w , and for o= {a%, 1), @ >
5 —s g &

for

each 5 = O, 1, ..., 8.

PROJF: (i) Sinece f’(ﬂ' is continuwous for each atate a = &, 1, ..., §
and uwi+} iz continuous, ;s and w_ o are continuous functicns of o,

Congider first at time t a state & and the wage 'R From Theorem 2

and using equations (2} and {4} U;‘l =0 for g > s; there iz an
s" ¢ {0, 1, ..., s} such that el = § . EGT ) s £ 13) for gq <8,
1 : q q q = &
- - + +
e e T, oer 0™ = £t (0 for s < q s, and £,t0,0 > £ (o),
q q q q q ] B — s
whepe E: [0} is the right hand derivacive of f:(-,:l at U: =0 apd
f;. RUE.J iz the feft band derivatiwve of EE.E-} at ﬁs" There are [wo

cases to conaider: (a) f;. (ES.I » f; (Y, Consider & change in the
discount factor from o to a + h, b ¥ 0. Then for b swall enough by

the continuity of IS{'}, U;‘l{u +h) =T (a+h) for g <a'. Then
8 B

using equation (33 E;, {U;‘l} = -1.-"11{25} for 8" = q < 8, hance !J;q

foe s' < q ¢ 5, where Zq['} is gtreietly inereasing and differentiable.

el ;
From the definition of Ea.’ u{EEj - wiwlel) + o Eq‘:a T_rq" = 0, Diffaremn-

tiating with respect to o, '[dgs.l'du}ﬁ.['{ﬂ‘} + a6k,

' _ t+1
S, zth_a}] E .U

478 q

=2 (wl
q'—s

= a.
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() If £, ,1=¢ (0) then 01w T, i¢ h<o, and VE'wz,
a - E B 13 B E]

l'.gs} if h=* 0. Therefore w, will not bte differentiatle at a, but
pince both the left mnd and Tight hand derivatives are ren=-negative it
5till follows fhat w, is non=indrmasing in @,
An analoguous argument can be made to show Es is neo-decreasing in
(i) By Propesition | there exists an © < 1 guch that for some
a £ [0, a} & constant wage contract ix feasible. But by Theorem I a
constant wage contract iy only feasible if ;D oo
[iii} Far o =0, Es AL for each stare, the only feasible con-
tract pays the spot market wage in every eventuzlity, Therefore for scome

ymall a » 0 all the intervals |:-_'s. :;J will ke Jdifount. Then using

Theorem 2 it follows chat

u{ElJ -u(us} -.:ch- 1 - ao P A
- u - w )

W =uw +akE = 0

B # g=s L1 - an

for each state, s. If for some & a then either @ < w_ < w
bk - — % ]

far x > 5, or h R i:' if k¥ < 5., Therefore if for some state k

h.|.k‘ = Ek then for all other states ul‘ x L Suppose NE - Es = us for

all & at o = a*. It remaing to show a* > 0. Far :q and Eq e lose
to wq the firet equation given above can be linear{ized using a Taylot's

series expansion

wiw ) fw -]

o
H’H'HS'GEQ'(B—TS” “B -(—q—'—‘j-l_&gq Q.

This equation holds as an equality at o = n®. Adding thie equation to the

second equation abowe

- By -

_ uwiv ) {a =wl fa = ow )
W= W 7 ak +akE

S - = l ~a
T =8 qte uwiiw w0, q*s o
Tat £ = (1.1*(wn:‘Fu'fwB]H-:tpkf(l-upk}} wherte k (s the mode state. Then
EE is possible, since u‘{uo} amd u'{uS) are positive and finite, te

chocse af a > O such that B < 1/3. MNext choose at state &' such that

W, -, *w -w forall s£=06,1, ..., 5. Theo at a = g*
B - = 3 -—
L]
e'iw )} la - ow ) (w = w)
;5"55' = ﬂE{;'u [ 1 = ap ‘qu#B' 1 - ap
% s q q
< SE{E,—U,}.
= - =B

Therefore @ * 1/5, which ia a contradiction.

Thare are & number of important points to notice about thiz proposibicm.
First for some o & {0, o) there is mno Eeasible self-enforcisg wage coptract
which deminates the spot market. In this case edch interval l:n;‘. ;a] contains
just one point, the spot market wage. However even For these discount rates the
rule derived in Thearem 2 $till applies, albeit degemerately. The wvalue of a¥
depends on all the paramsters of the model including the number of staces, oF
will, ceteris paribus, fall 22 the number of states incremses. This follows
because the greater is the number of states the mere flexibilicy chere is Lo
allocate porencial gains in the futwre. Second at o* each interval l:"iu' EB]
starts to expand, so gome ingurance ie provided in every state. Each interval
expands momotonically and from some & & [m¥, L) the intersection of all ister-
vals {8 non-empty. Then from Thecrem Z, for such & high enough discount Fac-
tor, the wage o will be paid with probebility ong in the long run. This
will be different from the constant wage contract unless the initial state at
dake zers was state &, This point has already been emphasized in Corellary 1.
Third it is sasy to see that for eny discount factor o, the Markey chain
depcribed in, Theorem I will be ergodiec. In the short rup, however contract
wages will not be staticnary despite the stationarity of spot market wagas.

These points may perhaps become clearer with the help of an example.
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4, Exemple

This section provides an illustration of the gemeral principles
get out in Bgction 3, This is dome by assuming there are juat two
poEaible spob market wapes ¥ and wp- Algebraic expressions are
then derived for the optimsl contrackt wages as a function of the dis-
count factor, The soluticn ie comtrasted with optimal stationary con-
tracts which are more in the spirit of Bester [4]. It is shown pre-
cigely how these two sclutione differ. A guserical example is given at
the end of the section vo show how aimple it ig to compute the optimal
golution.

If there are just two atates Proposition 3 shows that there are
three regimes o consider depending upon the discount facror Suppeose
o* and o¥v, o%*% > o are the oritical discount factore which divide
these regimes. Then for o £ (O, a*) there iz no feasible contract which
does net replicate the apot mathet solyptiosn; for o gfa*, o*®), ?;1:» > Z’} > wo
&0 the two intereals ﬁgl. W) and s By) are disjoint; and for
ooe foawe 1), El P g Wy 4, 80 the two intervale overlap.

Consider first an o ¢ (a®, w¥*}; from Theorem 2, the evolution of
wages in the optimal contract can be drawn as a tree diagras. This is
done in Figure L. Although the initial wages in Figure 1 are e and
@A gimilar tree could be drswn if the initial wages were Eﬂ ard El
[emplayee gete all the gain). Then by ewaluating the expected profits

and expected utility at the appropriate nodes of these trees it is eaay

to show
(8) €1 -ap, v, - EU) = o pln - 'HJ} = 0,

(9) & pyluliy) = uiv )} = (1 - o pdutw) - wle)) = o
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amid o Mo wy " . Looking at Figure | it i3 apparent that o

is never paid in the optimal ccatract. Similarly u, is only paid in

1

sbate zero if state one has not occured before. Therefore, in the long
run, the optimel copbract pays wages ;ﬂ and uy with probabilities

P and Py respectively. In the lomg vun the expected copbract wWage
Bill ie p, GD Py Ly in each period. Using equétion (#) this ie leas
than the expected wage bill of a firm that hires on the spor market.
Zimilarly from equation (%), the long run, per period expected ubility
the employee gets is p, u(;ﬂ} + py ulw, ) which is greater than the
expectad utility to be derived from selling labour on the spot matket.
That is to say although at date zero the worker is indifferent between
having or aot have & contract, at date t = 1, 2, ... = the employee can
expect to strictly prefer remaining on the contract rather than eelling
lebour on the spob market.

Suppose next, o £ {o¥%, 11, in which cage the two intervals overlap.
The relevant tree diagram ia drawn as Figure 2, It is still crue thac

w_ =w_ and ., =W  but for o £ {o%%, 1], w, and Tu'ﬂ are deter-

= 4] 1 1 1
mined by
(te) w, = (1 =aplw o ap ¥y

(11} “{El} = apy u'["d'ﬂ} # (I -0 pb}u(‘i‘lj-

Equations (10) and (11} are derived in the same way & equations (%} and
'[1:!;}, i.e. by evaluating expected utility apd profits at nodes om the
tree diagram. It should be greesged that this procedure is perfectly
general. It can be applied to any finite aumber of atates. The solution

car then easily be worked out on a computer. From Figure @ it is apparent



- 32 - =11 .

that u, ig 1aid unless state zero cccurs and state one han not employee's self-enforcing constraint is that the left hand side of equaticn

occured before in which case N is paid. In the loug rus, u, is (9} should be non-negative. It is clear that the worker® cemstraint

paid with probability one. In this sense for o near enough one the always binds, <ince otherwise the employer could increase profics without

optimal contract iz a constant wage contedet, For o < 1, wy is violating feasibility. Equally since the employer is risk neutral it

higher thae the certainty equivalent of spot market wages. The firm's ig never optimal for Wy uy- Therefore for o e (o¥%, 1) the firmk

expected wage bill is g in the long tun =ad is less then the expected constraint does not bind and che optimal stationary contractt i W= g

wagt bill from hiring in the apot market. The ewmployees expected long and for o £ {o®, ow¥), there is a solution in which iy S Uy and hoth

run utility is aleo higher than the spot market equivalent. constTaints bind, it is ©y = El:l’ @y =w. For we (2, o*) chere is
These resulte cen be furcher i{lluminaced by comparing the optimal oo fedsible cmtr.uct,_statiﬂnar:.r ot otherwige.

contTact with an optimal stationsey comtract. A stationsary conbtract is In the two stabe case the optimal stationary contract differe from

a contract i_n wivich the dietribution of wages acroes states is the same the cptimal comtract in one respect. When state zere occurs and state pne

at each date. Am optimal statiomsry comtract is a stationary contract has net previewsly arisen, the optimal contract pays the spat warket

which marximizes the firms expected discounted profits subject to the wage W wheress the optimal staticnary contrachk pays -:.:Q T W The

feapibility constraints. 5o if there are just Ewo states a stationary aptimal contract offers no insurance to the employee against an indtial

contract specifies two wages, &, if state zero occurs and w; other- sequence of bad states, In the leng run the optimal comtract will be

wice. Clearly the only stationary cocbract which is self-enforcing and shationary and for a e (w¥%, 11 offer complete insurance hut it is not

nffers the employee a zero net gain ie the epot contract, Wy = Mo quite clear bow this cap compensate for an initial ren of bad luck.

y = ¥ Thetefore a statiopary contract will cffer the emploves a ! To put some flesh om these bones and fllugtrate how edsy it is to

poaitive net gain. This is essentially the methodology adopied by Bester _ compute the optimsl solution comsider the following example.

Eﬁj although he does not consider the firme eelf-enforcing constraints.

If the wage contract is TestTicted to be stationaty, the self-enfor- SIAMPLE:  Tat  ulw) = v, ¥o = L W= &, Py Tty T b, Them oF = 2¢7 - %
cing constraints for the firm and worker ave the same at each date. As i awe o= Jad37,
there are juat two etates, the fitm is only constreined in state zeto wheo The optimal interval eadpoints are plotted againse o in Figure 3.
the contract wage is abowe the spot wage and the worker is only constrained For o £ (0, %) the cptimal contract wages are just the spot market
in state one when the contract wage is below the spot wage. In fact Ffor wages. At of the optimal wages ;D and w, start to Tise amd fall
a stationary contract the E:i.ru:fa gelf-enforcing constraint iz that the respectively. AL oFF, = {23 - /3732, For a ¢ (v, 1} rhe
left hand side of equation {2} should be nom=pegative when un replaces optimal wage @ continues to fall tending, as 0 cends Eo ope, to the
@ and w, teplaces "] Similarly, with the ssme subetitutiens Ehe certainty equivalent wage 974,

Q 1 1°
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5. Concluding Rematks
This paper has shown that an optimal zelf-enforcing wage contract
exists (Theorem 1) and how the optimal sclution can be calculated 1.
{Theorem 2}, Tt has been shown how optimal centract wages are more
inflexible than spot markeb wages.

The model was extensively discussed in Section 2. Therefore the

concluding vemarks will be confine ¢ co possible extensions. There are 2.
at least two possible extensions which seen worthwhile teo pursue. First 3.
there is the guestion of fimitely liwved workers. As an assumptien in-

LN

finicely lived firms is just about temable but igfinitely lived workera
is certainly implauesble. However with infinitely lived firms and
finitely lived workers a self-enforcing contract may still exist since
the firm will wish tc maintain its reputaticon over generations. In
fact it iz to be expecte d that confracts in this contex: will exhibit
mech more of Holmastros's °Eront-loading’ solutien.

Perhaps the wost interesting extensionm fs to the asymmetric infor-
mation cade. Suppose the spot market wage ie interpmete 485 8 random
oppertunicy cost which can only be obeerved by the employee. Then in a
single period context the only feasible contract has a conatant wage
icdependent of the esplovers preferesces. But in an infipite horizon
model it must be posgible to do better than the single periad game,

since wages in the future can be conditicned uwpon actions in the past.

The framework given above should prove waeful in addressing this problem.

University of Cambridge.
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